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Abstract

This paper studies reciprocity on social networks. We model a group of connected
agents who play in a one-shot public good game. Some players (materialists) care
solely about material payoffs and always free-ride, while others (reciprocators) display
reciprocal preferences. Reciprocators are influenced towards cooperation and free-riding,
respectively, by neighbouring players who contribute and free-ride. We characterize
the maximal Nash equilibrium (ME) of this game for any network and a broad class
of reciprocal preferences. We find that at the ME, a novel concept, the q-linked set,
fully determines the set of players who contribute. We provide a characterisation of
players’ influence at equilibrium, and show that influential players are those connected
to players who are sufficiently interconnected, but not too much. Finally, we study the
decision of a planner faced with an uncertain type profile who designs the network to
maximise expected contributions. We find that the ex ante optimal network comprises
isolated cliques of degree k∗ ≥ 1, with k∗ decreasing in the probability of any player
being a materialist. We discuss evidence in support of our results in the context of one
important application: the workplace.
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1 Introduction

“Reciprocity means that in response to friendly actions, people are frequently much nicer and much

more cooperative than predicted by the self-interest model; conversely, in response to hostile actions

they are frequently much more nasty...” (Fehr and Gächter, 2000b: 159)

Reciprocity is ubiquitous in social interactions. Mauss (1950) viewed reciprocity as “the

human rock on which societies are built”, while sociologist A.W. Gouldner famously presented

the concept as one of the rare “universal principal components of moral codes” (Gouldner,

1960: 161). Likewise, Simmel (1950) deemed reciprocity necessary to cooperation and social

cohesion in all societies, and regarded “all contacts among men [as resting] on the schema of

giving and returning the equivalence” (Simmel, 1950; in Gouldner, 1960). In line with these

views, current evidence unambiguously shows that most people display reciprocal inclinations,

even with strangers, when it is costly to them or yields no future benefits (more on this

below). Despite being fundamental to cooperation, reciprocity is however puzzlingly fragile:

while most individuals qualify as “reciprocators”, a few “bad apples” (i.e. free-riders) are

typically sufficient to derail cooperation in group interactions.1 Given its fragility, how can

reciprocity-induced cooperation persist? What social architecture can best support it?

In this paper, we argue that the structure of social interactions is key to the sustaining of

reciprocity and cooperation in societies. We develop a model wherein a group of connected

agents can either contribute at a cost to a global public good or free-ride. Some players (ma-

terialists) care solely about material payoffs and always free-ride, while others (reciprocators)

have social payoffs. Social payoffs capture the extent to which reciprocators are influenced

by the behaviour of players locally: their social payoffs from contributing increase with the

number of their neighbours who contribute, and decrease with the number of their neighbours

who free-ride. Social payoffs of this general form capture reciprocator’s reciprocal preferences.

We begin with a simple question: how can a network containing both reciprocators and

materialists allow reciprocity and cooperation to persist? A first observation is that since

contribution is materially costly, any reciprocator i must have sufficiently high social payoffs

to choose to cooperate. In particular, i must: one, be connected to enough other contributing

players; and two, have a high enough proportion of her links with other contributing players.

This leads to the novel concept of the q-linked set, consisting of the set of players who have

1Gächter (2006) shows that most experimental studies on reciprocity - despite differences in experimental
design - yield a similar distribution of individual types, with about 55% of subject being “reciprocators”, 20%
“free-riders”, and the rest either “always contributors” or “triangle contributors”.
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enough links and in high enough proportion to other players in the q-linked set. We find that

at the unique maximal equilibrium (ME), the q-linked set fully determines the set of players

who cooperate (Theorem 1).2 Our analysis sheds light on a number of questions pertaining

to the effects of network structure on cooperation when (some) players display reciprocal

preferences. In particular, we show that the capacity of any network to support cooperation

depends solely on its q-linked set, and that any modification to the q-linked set (e.g. through

addition or removal of links) changes cooperation outcomes (Proposition 1).

We then explore how a player’s position in the network, for a given type profile, determines

her influence on other players. We define a player i’s influence as the proportion of players

who are susceptible to i, i.e. players who would change their action at equilibrium if i’s type

changed. We show that a player i is susceptible to another player j if and only if she is

connected to enough other players who are also susceptible to j (Proposition 2), and that

susceptible players cannot be too interconnected (Corollary 1). Hence, a player i is influential

if she connected to a set of players interconnected enough (allowing her influence to spread),

but not too much (or her influence would be too diluted). Note finally that a player’s influence

and her centrality are not necessarily related: “central” agents may have limited influence if

all their neighbours are central too, and, as such, have low susceptibility.

Next, the analysis of reciprocity on networks leads us to ask how social interactions can

be best structured to promote reciprocity and cooperation. We consider a designer wishing

to maximise cooperation and choosing the network at no cost. If the designer knows players’

types, he can trivially group reciprocators and isolate materialists, which always maximise

cooperation. Matters are more complex, however, in the more realistic case where the designer

does not know types: imagine that the designer only knows that each player’s type is i.i.d. with

ex ante probability p of being a materialist. Then, we find that the ex ante optimal network is

always formed by isolated cliques of degree k∗ (p), with k∗ (p) always above a threshold k ≥ 1

(Theorem 2). The basic intuition is that a network of cliques both maximises the chances of

clustering of reciprocators and minimises the extent and risk of contagion from free-riding.

We then study the effect of p on k∗ (p). To fix ideas, note that the designer faces a tradeoff

when choosing k∗. On the one hand, increasing k∗ entails the benefit of increasing the maximal

number of materialists allowed in a clique for cooperation not to break down. On the other

hand, increasing k∗ entails the cost attached with increasing the number of “draws” and,

2In Appendix B.3, we extend our model to permit the possibility that any player i’s social payoffs be
affected by the action of any player j, to an extent that decreases with the geodesic distance between i and j.
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thus, the expected number of materialists in the clique. We find that k∗ (p) is decreasing in

p (Proposition 4). This result is subtle: observe that increasing p yields two opposing effects

on k∗ (p). First, a higher p raises the expected incidence of materialists. This effect pushes

k∗ (p) down, as the designer wants to reduce the expected number of materialists in the clique.

However, a higher p also reduces the expected incidence of reciprocators. This pushes k∗ (p)

up, as the designer wants to increase the expected number of reciprocators in the clique. The

former effect, it turns out, always dominate the latter.

Our model features a coordination game on networks and, as such, its results can be applied

to a broad range of situations characterised by social interactions and behavioural contagion.3

However, the model applies especially well to reciprocal social preferences, for three reasons.

First, payoffs in the game are decomposed into “material” and “social” payoffs, with the

latter capturing the defining features of reciprocal preferences. Second, contribution, unlike

free-riding, is individually costly and entails positive global externalities; every player’s payoffs

reflect this via a term that is invariant to the local action profile. Third, while reciprocators

have coordination preferences, materialists hamper coordination on the efficient outcome, in

line with the empirical evidence on reciprocity.

Application. For concreteness we apply our results to one important application: work

morale and peer influence at the workplace. We assume a group of workers interacting in a

network (e.g. a “team”). Each worker decides whether to exert effort towards a public good

(e.g. firm’s success) and observes whether each neighbouring co-worker exerts effort. When

a worker observes effort in her neighbourhood, she feels motivated to contribute; conversely,

seeing shirking makes her feel demotivated and suckered. Such preferences at the workplace

are well-documented, and we discuss in detail in Section 5 the compelling evidence for our

main results. Our model sheds light on a number of phenomena pertaining to cooperation at

the workplace. In particular, it explains how “bad apples can spoil the barrel” by influencing

workers around them, who in turn influence their own co-workers, and so on. Our model also

explains why certain network structures, e.g. dense teams, are particularly vulnerable to such

“bad apples”, while others are more robust by limiting their potential propagation.

3In general terms, our model is a game of strategic complements on networks. Strategic complementarity
has been the object of much study in the theory of supermodular games and has been studied in many settings
(see e.g. Topkis, 1979; Milgrom and Roberts, 1990; for a survey see Vives, 2005). Strategic complementary
guarantees uniqueness of the ME in our game, as the set of Nash equilibria forms a lattice. Our algorithm for
constructing the ME adapts the approach of Milgrom and Roberts (1990). Our characterisation of the ME
in terms of network structure and type profile is novel, and generalises results by Morris (2000) and Bollobas
(1984).
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Our paper thus fills an important gap in the literature on cooperation at the workplace

in that it tackles substantive topics not previously addressed formally. There is extensive

empirical evidence for social incentives and reciprocity at the workpalce, and how coworkers

network affect behaviour and performance (Bandiera et al., 2010; Hesselius et al., 2009; Mas

and Moretti, 2009; Falk and Ichino, 2006; Ichino and Maggi, 2000). Several models directly

address social preferences and norms within firms (e.g. Kandel and Lazear, 1992; Huck et al.,

2012; see Rotemberg, 2006, for a review). We defer further detailed discussion of the relation

between this literature and our paper to Section 5.

Related literature. Our paper is at the nexus of two major strands of research in economics.

The first deals with social preferences, and more particularly with the role of reciprocal pref-

erences in cooperation. There is a vast empirical literature establishing that most individuals

display such preferences, i.e. they prefer to cooperate only when others do too (for surveys

of the evidence, see e.g. Chaudhuri, 2011; Gächter and Thöni, 2007; Gächter, 2006; Fehr

and Falk, 2002). Several well-established theories seek to capture reciprocal preferences by

founding them either in distributional concerns (e.g. Fehr and Schmidt, 1999; Bolton and

Ockenfels, 2000; Charness and Rabin, 2002) or in preferences over co-players’ perceived in-

tentions (e.g. Dufwenberg and Kirchsteiger, 2004; Rabin, 1993). Our model incorporates in a

simple yet general way an essential feature of these models: players’ inclination for coopera-

tion decreases with the presence of free-riders, and increases with the presence of cooperators.

To our knowledge, it is the first study of reciprocal preferences on networks.4

The second main area of economics literature relevant here is games on networks, a fast-

growing body of work (for recent surveys, see Bramoullé and Kranton, 2015; Jackson and

Zénou, 2013). Recent papers address cooperation in repeated public good games on networks

(Wolitzky, 2013; Ali and Miller, 2015, 2013; for a survey, see Nava, 2015). These papers

extend earlier work on social sanctions, repeated interactions and cooperation (e.g. Ellison,

1994; Kandori, 1992). A common key finding of these papers is that denser networks, by

allowing reputations to better travel among players, foster cooperation. For this reason, central

players tend to be the most cooperative. Our approach departs from these papers in several

crucial ways. First, our model rests on reciprocal preferences, in line with the aforementioned

empirical evidence, which enables us to account for some key stylised facts.5 Second, our model

4To the best of our knowledge, the only other theory of social preferences on networks is that of Bourlès
and Bramoullé (2015). Their object of study, i.e. altruism in transfer networks, is however orthogonal to ours.

5Note that reciprocity, as a behavioural trait, is prevalent even in absence of repeated interactions or social
sanctions. Even such settings, evidence shows that the main driving force behind cooperation and social
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shows that the feature of networks that matters for social sanctioning, namely density, may

have adverse effects on cooperation if some players have reciprocal preferences. The reason is

that denser networks allow bad behaviour, not just good behaviour, to propagate more easily.

As a result, we show for instance that a player’s influence on cooperation is not necessarily

related to her centrality, and that the network that maximises ex ante contributions is not, in

general, the complete network, as the complete network is typically not robust to free-riders.6

Lastly, our paper closely relates to a large literature in the natural sciences on cooperation

in structured societies. A major strand of this literature looks at the evolution of cooperation

on fixed networks (see e.g. Nowak et al, 2010; Taylor et al., 2007; Ohtsuki et al., 2006;

Nakamaru et al., 1997; Nowak and May, 1992; for a summary, see Nowak, 2012). A key

finding of these papers is that structured societies can permit some clustering of cooperative

players, thereby sustaining some cooperation. In line with this work, recent experimental

investigations have emphasised the role of conditional co-operators in sustaining cooperation

on fixed networks, and have showed that “both cooperation and defection were contagious

in fixed networks” (Jordan et al., 2013: 7) in non-repeated games among strangers (Rand et

al., 2014; Jordan et al., 2013; Gracia-Lazaro et al., 2012; Suri and Watts, 2011; Fowler and

Christakis, 2010; Grujic et al., 2010).7,8 To our knowledge, our paper is the first to provide a

formal framework of conditional cooperation on general fixed graphs. It allows us to formalise

intuition regarding the mechanisms at play in these findings. It is also the first to formally

investigate optimal network design in that context.9

The rest of this paper is divided as follows. Section 2 introduces the model. Section 3

explores the concepts of susceptibility and influence centrality. Section 4 presents the study

of optimal network design. We discuss our results in light of our main application in Section

5. Section 6 concludes.

sanctioning is reciprocity (see e.g. Hopfensitz and Reuben, 2009; Fehr and Gächter, 2002,2000a).
6Our results on network design relate to those of Goyal and Vigier (2014) and Baccara and Bar-Isaac

(2008). In these models, connections yield a benefit to the designer, but entail higher network vulnerability.
There is a similar tradeoff in our model. Our setup and results, however, greatly depart from these papers.

7Recent studies have also explored the role of endogenous network formation in sustaining cooperation (e.g.
Gallo and Yan, 2015; Jordan et al., 2013; Rand et al., 2011; Fu et al., 2008).

8In contrast, the experimental literature in economics on the effect of network structure on cooperation has
to date been modest (Falk et al, 2013 ; Carpenter et al., 2012 ; and Cassar, 2007, are a few notable exceptions).

9Note that most experimental papers on cooperation in fixed networks, typically exploiting commonly-
used graphs like lattices, find little effect of network structure on cooperation. Rand et al (2014), in contrast,
recently found that social structure can support cooperation, but only if the cost of contribution is low enough.
The results in the literature, in that respect, are directly in line with our predictions. Rand et al. (2014) also
find that clustering of reciprocators is key for cooperation, which echoes our notion of q-linked set.
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2 The Model

In this section, we develop a model to explore how various preferences for reciprocity affect

the outcomes of the game. In particular, we investigate how network structure influences

reciprocity and cooperation in the context of public good provision. We also explore the effect

of having “bad apples” in a group or team, i.e. players who never cooperate and influence

their neighbours towards free-riding.

Network . Let N = {1, 2, ...n} be the set of players, with n ≥ 3. Denote by G an (undirected

and unweighted) network, with a row vector gi = {gi1, gi2, ... gin} where gij ∈ {0, 1} for all

j, i ∈ N . Players i and j are connected iff gij = 1, and we assume gii = 1. Define by

Ni (G) = {j ∈ N : j 6= i ∧ gij = 1} player i’s neighbourhood, and let ki = |Ni (G) | be her

degree. There exists a path between players i and j either if gij = 1 or if there exists a set of

players {i1, i2, ...ij} such that gii1 = gi1i2 = ... = gi`j = 1. We denote by G + ij and G − ij,
respectively, the addition to and the removal from G of a link between players i and j.

Game and actions . Players interact in a one-shot global public good game (PGG). Player

i has action set Xi = {0, 1}. We denote i’s action by xi ∈ Xi and the action profile of all

players by x ∈ X = {0, 1}n, where x = (xi,x−i). If xi = 1 we say that i contributes and if

xi = 0 we say that i free-rides. The contribution level for a given action profile x is
∑

i∈N xi.

For a given x, player i ’s local action profile is denoted by xj∈Ni(G), and we denote by ci and

di, respectively, the number of i’s neighbours who contribute and free-ride:

ci = ci
(
xj∈Ni(G)

)
:=

∑
j∈Ni(G)

xj (1)

di = di
(
xj∈Ni(G)

)
:=

∑
j∈Ni(G)

(1− xj) = ki − ci (2)

Payoffs . Player i’s payoffs are given by:

πi (x|θi) = a
∑
j∈N

xj − bxi + Ψ (xi, ci, di|θi) (3)
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where a > 0 is the public good technology parameter and b > 0 is the individual cost of

contribution, with b > a. Hereafter we denote the (net) cost of contribution by γ ≡ b−a > 0.10

Player i’s type θi ∈ Θi = {θM , θR} is ascribed by nature at the beginning of the game, with

θM and θR referring respectively to materialist and reciprocator types.11 A type profile is

denoted θ ∈ Θ. The function Ψ (·|θi) captures i’s social payoffs, and the marginal effect of

playing xi = 1 on i’s social payoffs, denoted ψ (ci, di|θR), is given by:

ψ (ci, di|θR) := Ψ (1, ci, di|θR)−Ψ (0, ci, di|θR) (4)

= Ψ (1, ci, di|θR)

The following assumption completes our specification of players’ payoffs.

Assumption 1 Players’ payoffs are given by (3), where: (a) Ψ (·|θM) = 0; (b) Ψ (0, ci, di|θR) =

0; (c) Ψ (xi, 0, 0|θR) = 0; and (d) ψ (ci, di|θR) is (weakly) increasing in ci and is (weakly) de-

creasing in di.

We now highlight some key elements of Assumption 1. First, note that since γ > 0,

free-riding is always a strictly dominant strategy for materialist players. Second, we assume

that free-riders have zero social payoffs. This normalisation does not imply that free-riders

do not internalise social payoffs in their decision: indeed, “guilt” or other such negative

emotions can be interpreted as the foregone positive payoffs from contributing when having

contributing neighbours. Third, we assume that isolated players have no social payoffs. In

that respect, an isolated player is viewed as immune to any social influence. Fourth, we note

that Assumption 1.d captures, in a general and parsimonious way, preferences for conditional

cooperation and reciprocity: reciprocators’ social payoffs from contributing increase (decrease)

with the number of neigbhouring contributors (free-riders). Fifth, note that we assume the

social payoffs function to be the same for all reciprocators. All of our results are robust to

introducing heterogeneity in the social payoffs function, as long as it satisfies Assumption 1

for every reciprocator.

10Since the PG is assumed to be linear, all our results would hold even if it were a local PG. Further, while
we impose linearity, all of our results straightforwardly hold in the case of weakly convex global PG functions.
Appendix B.2 explores global concave PG functions.

11Note that it would be straightforward to include a third “unconditional contributor” type, well-documented
in the literature, without altering our results.
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We now provide an example of a social payoffs function satisfying Assumption 1.

Example 1 Reciprocator i’s social payoffs are given by:

Ψ (xi, ci, di|θR) = xi (αci − βdi) (5)

with α > 0 and β > 0. �

Equation (5) offers a special case of a broad class of utility functions with interdependent

preferences (see Sobel, 2005). Given our setup it is close to the reciprocity models offered in

e.g. Charness and Rabin (2002) and Fehr and Schmidt (1999).

Equilibrium . We assume G and θ to be common knowledge among players.12 Given G,

θ and γ, an action profile x ∈ X is an equilibrium if for every i ∈ N and every x′i ∈ Xi,

πi (xi,x−i|θi, G) ≥ πi (x
′
i,x−i|θi, G). Observe that local complementarity in x entails potential

coordination failures: in particular, the case where no player contributes is always an equi-

librium. An equilibrium x∗ is a maximal equilibrium (ME) if there does not exist another

equilibrium x′ ∈ {0, 1}n such that
∑

i∈N x
∗
i <

∑
i∈N x

′
i.

For the rest of this paper, we restrict attention to ME. Three reasons motivate this focus.

First, theoretical work on supermodular games shows that the ME is an upper bound on

which play will converge for a very wide range of learning processes (Milgrom and Roberts,

1990). Second, the “all-free-ride” action profile is always an equilibrium for any network in

our model; therefore, the ME implicitly characterises the range of equilibrium contribution

levels (as it would if we allowed for mixed strategies in addition to pure ones). Third, the

algorithm provided below, which ensures convergence to the ME, finds strong support in the

experimental literature, which shows that reciprocators typically begin by cooperating before

switching to free-riding if they observe too many free-riders.

2.1 Equilibrium characterisation

We now study the existence, uniqueness and properties of ME of this game. Consider a player

i in a network G, and let q ∈ R+ be some positive real number. Recall from Assumption 1

12In Appendix B.2, we relax the assumption of knowledge of the type profile and assume that types are
private and iid. Our analysis yields a characterisation of a unique maximal Bayesian Nash equilibrium (BNE)
analogous to that of the unique ME in our model. Our main results on comparitive statics also hold in the
case of this maximal BNE.
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that ψ (ci, di|θR) is an increasing function of ci and a decreasing function of di: then, either

ψ (ki, 0|θR) < q, or there exists a unique minimal ci (q, ki) ∈ {1, . . . , ki} such that

ψ (ci, (ki − ci)|θR) = q (6)

For any q ∈ R+, we define the q-linked set of G, denoted by Qq (G) ⊆ N , as the largest

set of players such that for each i ∈ Qq (G),

ψ (sqi , (ki − s
q
i )) ≥ q (7)

where sqi :=| {j ∈ Ni(G) ∩ Qq (G)} | is the number of i’s neighbours in the set Qq (G). Note

that no materialist player can be in Qq (G), as ψ (·|θM) = 0. Note also that for arbitrary G

and θ, the q-linked set is uniquely defined.13

We provide an algorithm for the construction of the q-linked set of any network G, which

we illustrate with figure 1. Consider the payoffs function (5), and assume that α = 1.25 and

β = 1. Suppose that θi = θR for all i ∈ N . We find the 2.6-linked set.

Algorithm 1 Fix initial profile x0, with x0
i = 1 for all i ∈ N . For a given q ∈ R, assign

x1
i = 0 for all i such that ψ (ci(x

0), di(x
0)|θi) < q, and denote the new profile by x1. Then,

assign x2
i = 0 for all i such that ψi (ci(x

1), di(x
1)|θi) < q, and denote the new profile by x2.

Iterate until step k where xk = xk+1. The nodes with xki = 1 form the q-linked set.

Theorem 1 Suppose that Assumption 1 holds. For any γ ∈ R+, G and θ, a ME always exists

and is unique. At the ME, a player contributes if and only if she is in the γ-linked set.

Proof. All proofs are in Appendix A.

Theorem 1 states a powerful result: the decision to contribute for any reciprocator is

uniquely determined by her belonging to the γ-linked set. To contribute at the ME, a recip-

rocator must thus: one, be connected to enough other players in the γ-linked set; and two,

have a high enough proportion of her links with other players in the γ-linked set. To see why,

consider again the payoffs function (5), and assume α = 1.5 and β = 1. Suppose that θi = θR

for all i ∈ N , and fix γ = 1.6. Figure 2 illustrates the ME of a graph for these parameter

values. At the ME x∗, x∗i = 1 if and only if i ∈ Q1.6 = {7, 8, 10, 11}. Note that the proportion

13To see why, suppose there are two distinct such sets QA
q and QB

q . But then the strictly larger set

QC
q = QA

q ∪QB
q would satisfy inequality 7.

9



Figure 1: The 2.6-linked set

Top left: initial graph, with ψ (x0) for all nodes. Top right: Nodes with ψ (x0) < 2.6 are switched, and ψ (x1) are computed

for remaining nodes . Bottom left: iteration. Bottom right: the 2.6-linked set obtains when no further iteration is possible.

of neighbours of players 9 and 12 in Q1.6 is 100%: however, their total number of links to

other players in Q1.6 is insufficient for them to be in Q1.6. Note also that player 5 has 4 links

to players in Q1.6, higher than any other player. However, the proportion of her neighbours

who are in Q1.6, namely 4
9
, is too low for her to be in Q1.6.

We conclude by noting that the concept of q-linked set is novel and combines the concepts

of q-core (Bollobas, 1984) and q-cohesive set (Morris, 2000). The q-core is defined as the

maximal set of players with at least q links to other players in the q-core. The q-cohesive set

is the maximal set of players having a proportion of at least q ∈ [0, 1] of their links with other

players in the q-cohesive set. The q-linked set has a similar recursivity. However, to be in

the q-linked set, a player must have enough neighbours in the q-linked set in both absolute

number and proportion. A second key difference is that the necessary proportion of neighbours

10



Figure 2: Theorem 1 illustrated

Left: Initial graph. Right: the ME for α = 1.5, β = 1, and γ = 1.6.

in the q-linked set for a player to be in the q-linked set depends on her degree. In the example

introduced on Figure 2, player 5 would require at least 47% of her neighbours in the 1.6-linked

set to be in it. This proportion is of 56% for players 7 and 8, while players 1 to 6, 9 and 12

simply don’t have enough neighbours to be in the 1.6-linked set.

2.2 Comparative statics

Proposition 1 Suppose that Assumption 1 holds. At the unique ME, total contributions are
weakly decreasing in γ. For fixed γ and n, the maximal contribution level:

1. Weakly decreases (stays the same) with the deletion (addition) of a link between two
players in the γ-linked set;

2. Weakly increases with the addition or the deletion of a link between two players outside
the γ-linked set;

3. May increase or decrease (stays the same) with the addition (deletion) of a link between
a player in the γ-linked set and a player outside the γ-linked set.

Note first that decreasing γ always increases players’ incentives to contribute as it decreases

the cost of contribution. Decreasing γ thus makes the requirement on players’ minimal neigh-

bourhood influence, i.e. ψ (·), less stringent. This weakly increases the set Qγ, therefore

increasing total contributions at equilibrium.

The effects of network structure on the ME are subtle. First, the effect on total contribu-

tions of adding (or removing) a link depends on its effect on the γ-linked set. In particular,
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adding a link between two players already in the γ-linked set will leave it unchanged, while

removing a link between two such players can only reduce it. Second, adding or removing

a link between two players outside of the γ-linked set can never reduce it, as it does not

impact the payoffs of any player in the γ-linked set. However, it can increase the γ-linked

set: in particular, adding a link between two players outside the γ-linked set may result in

both players joining it, while removing a link between a materialist and a reciprocator, for

example, can indcuce the latter to switch to contribution. Lastly, adding a link between a

player in the γ-linked set and another one outside the γ-linked set can increase, decrease, or

have no effect on total contributions. To see why, consider a contributing reciprocator i and a

free-riding reciprocator j. If, in the initial ME, i has only a small net incentive to contribute

whereas j has a large net incentive to free-ride, then linking the players will lead i to swtich

to xi = 0. Conversely, if the magnitude of the incentives happens to be the other way round,

then the reverse will hold, and if both players have large incentives for their respective initial

actions, then adding a link will make no difference. Figure 3 shows that adding one link to

the equilibrium graph of Figure 1, even when all players are reciprocators, can have either

positive or negative impact on the ME.

3 Susceptibility and influence

We now turn our attention to how players influence each other. In particular, in a given

network, who are the most “influential” players? How does a player’s own influence depend

on how “central” she is?

Consider a network G, and fix γ ∈ R+ and θ ∈ Θ. Denote the ME by x∗. Take a player i

with θi = θR, and switch her type to θM .14 Denote the new ME by x′, with x′i = 0 and x′j ≤ x∗j

for all j ∈ N . We study how and whether i’s switch to a materialist type induces other players

to switch to free-riding, and how this influence depends on the network structure.

First, a player j is susceptible to player i, or i-susceptible, if and only if x∗j 6= x′j; thus j is

i-susceptible if and only if j switches to free-riding following i’s switch to θM .15 Second, we

define i’s influence, denoted by Ii (·), as the proportion of i-susceptible players in N \ {i}:
14The opposite case, i.e. where θi = θM initially, is analogous and is thus omitted.
15Note that if x∗i 6= x′i, we say that i is herself i-susceptible. Note also that materialist players, by definition,

are never susceptible to other players as they always free-ride at any equilibrium. Note finally that to be
i-susceptible, a player j needs not be a neighbour of i.
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Figure 3: The effect of adding a link on the γ-linked set

Top panel: Adding a link between players A and B increases total contributions at the ME. Bottom panel: Adding a link

between players A and B drives total contributions to 0 at the ME.

Ii (θ, γ,G) =

∑
j 6=i
(
x∗j − x′j

)
n− 1

(8)

=
|S i (G) \ {i} |

n− 1

where S i (G) denotes the set of i-susceptible players at the unique ME x∗. Lastly, denote by

r∗j (·) the minimal number of j’s neighbours switching to free-riding necessary for j to switch

to free-riding at the unique ME:

r∗j (θ, γ,G) := min
r∈N≥0

{
r : Ψ

(
x∗j , (c

∗
j − r, ), (d∗j + r)

)
≤ γ

}
(9)

If r∗j = 0, then this means that j does not need any more neighbours to switch to free-riding
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to prefer free-riding herself. This means that j is already free-riding, i.e. x∗j = x′j = 0.

Remark 1 Suppose that Assumption 1 holds, and fix γ and G. Then for any player i, Ii (·) >
0 if and only if:

1. x∗i = 1; and

2. there exists some player j ∈ Ni (G) such that r∗j = 1.

Remark 1 states two jointly necessary and sufficient conditions for player i’s influence to

be greater than 0. First, i must be i-susceptible herself. Otherwise, her type switch does not

affect her action (as x∗i = x′i = 0), which trivially leaves the equilibrium unchanged. Second, i

must have at least one “unconditional follower” in her neighbourhood, i.e. a player j who only

needs i to switch her action to swich hers. If i does not have such a neighbour, then even if

she swiches her action, none of her neighbours (and, thus, none of her neighbours’ neighbours,

and so on) will switch theirs. Hence i’s switch will not spread.

Proposition 2 Suppose that Assumption 1 holds, and fix γ and G. Suppose x∗i = 1. Then,
a player j 6= i is i-susceptible if and only if r∗j > 0 and j is connected to at least r∗j other
i-susceptible players.

Corollary 1 The set of players S i (G) \ {i} contains no non-empty subset A ⊆ S i (G) \ {i}
such that every j ∈ A has strictly fewer than r∗j links with players in S i (G) \ A.

Together, Proposition 2 and Corollary 1 offer a striking result: essentially, S i (G) contains

players who are sufficiently interconnected, but does not contain any overly-interconnected

sub-group. In other words, a player i has a large influence if she is connected to a large set

of players whose interconnection will be enough to allow her influence to spread (Proposition

2), but not so much as to allow players or a subgroup of players to mutually “immunise” each

other (Corollary 1). Put metaphorically, a player in a network is influential if she can “divide

just enough to conquer”.

The subtlety of these results warrants more detailed discussion. Proposition 2 tells us that

to be i-susceptible, player j must be connected to enough other i-susceptible players.16 If j

16Note that Si (G), like the q-core introduced in Section 2, is defined reflexively. A major difference, however,
is that Si (G) is defined with respect to a single player, i, who is always in Si (G) whenever the set is non-empty.
Also, while the q-core is a maximal set, Si (G) is “minimal” in the sense of Corollary 1.
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is connected to too few i-susceptible players (i.e. fewer than r∗j ), then, from Equation (9), j

will not be influenced enough to prefer to switch her own action. Corollary 1 tells us that

i-susceptible players must not be too interconnected; the following reasoning explains why.

Suppose a contrario that there exists a subset A ⊆ S i (G) \ {i} such that for all j ∈ A, the

number of links that j has with players in S i (G) \A is smaller than r∗j . If they all contribute,

it follows from definition (9) that they then prefer to contribute, which entails that they must

contribute at the ME. Therefore, while some interconnection is necessary for influence, too

much interconnection kills it.

Proposition 3 Suppose that Assumption 1 holds, and fix γ and G. Then, for any i ∈ N , i’s
influence:

1. Weakly decreases with the addition or deletion of a link between two i-susceptible players;

2. Weakly increases with the addition or the deletion of a link between two non-i-susceptible
players if the ME is left unchanged, and may go either way otherwise;

3. May increase, decrease or stay the same with the addition or the deletion of a link
between between an i-susceptible player and a non-i-susceptible player.

Proposition 3 explores how changes to the network affect a player i’s influence. Proposition

3.1, first, states a robust result: adding or removing a link in the set of i-susceptible players

always reduces i’s influence. Adding a link increases the interconnection between i-susceptible

players, which Corollary 1 tells us can reduce i’s influence. Conversely, removing a link between

two i-susceptible players reduces the interconnection between i-susceptible players, which we

know from Proposition 2 can also reduce i’s influence. Second, note that Proposition 3.2 stems

from Corollary 1: fixing the ME, removing a link between a pair of non-i-susceptible players

may decrease their interconnection enough for i’s influence to spread (e.g. by turning one or

both of them into an i-susceptible). Likewise, adding a link between two non-i-susceptible

players, e.g. one contributing player i and one materialist j, may make the latter i-susceptible,

therefore increasing i’s influence. Proposition 1, however, tells us that adding or removing a

link can change the maximal equilibrium: in such case, i’s influence may ultimately increase or

decrease.17 Finally, Proposition 3.3 states that adding or removing links between i-susceptible

players and non-i-susceptible players has an ambiguous effect on i’s influence.

17For example, adding a link between a contributing reciprocator k and a materialist player j may induce
k to switch to free-riding. This can reduce i’s influence by inducing in turn an i-susceptible player to switch
to free-riding (recall that free-riding players cannot be i-susceptible). Conversely, k’s switch can also decrease
r∗l for some player l who may then become i-susceptible, which increases i’s influence.
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We conclude with a comment on how a player’s influence relates to her centrality (e.g.

degree, eigenvector, betweenness centrality). A first intuitive guess would be that the more

central a player is, the more influential she must be. This intuition, however, is incorrect.

Remark 2 In general, a player’s influence and her centrality do not necessarily coincide.

Remark 2 rests on two key ideas. First, note that for a given r∗ =
(
r∗1, ...r

∗
j , ..r

∗
n

)
, the vector

of the minimal numbers of additional free-riding neighbours necessary for players to switch to

free-riding at the ME, S i (G) is solely determined by G, as in the case of centrality metrics.

However, r∗ also depends on γ and θ. Hence, for any i, the set of i-susceptible players, and

thus i’s influence, depend on G, γ and θ. Second, our concept of influence captures something

novel: a player is influential if she is connected to players who are interconnected, but not too

much. This contrasts with, for instance, eigenvector centrality, which rests on the idea that

central players are those who are well-connected to other central players.

Table 1 explores this distinction by presenting the degree, eigenvector, and betweenness

centralities of players on Figure 4, as well as their influence for different values of γ. Suppose

that preferences are given by (5) with α = 1 and β = 1.5. A first remark is that player 8

is, by all measures, the most central player; nevertheless, she has no influence when γ = 0.4.

Conversely, players 6 and 7 have relatively low degree, eigenvector and betweenness centrality,

but have the highest influence (for both γ = 0.4 and γ = 1.5). Note also that the increase

in γ from 0.4 to 1.5 pushes the influence of all players up: this is because when the cost of

contributing is higher, contributing players require fewer free-riding neighbours to prefer to

free-ride. In other words, it takes less to convince them to switch.

4 Network design

In this section, we turn to the problem faced by a designer who has to design the network and

wishes to maximise the expected contribution level for some fixed number of players. We seek

to answer the following question: Which network structure maximises expected contributions?

In particular, are denser structures more resilient to bad apples (e.g. materialists) than sparser

ones? Are disconnected networks more robust to free-riding than connected ones? How does

the optimal network structure change with the incidence of materialist players?

Suppose that players’ types are i.i.d., and the probability of any player being a materialist

is given by p ∈ (0, 1) (so the probability of being a reciprocator is 1 − p). The designer’s

16



Figure 4: Influence

Left: initial graph, ME with θi = θR for all i ∈ N , and γ = 0.4. Right: ME with θi switched to θM .

Table 1: Figure 4 and nodes’ centrality and influence

Players Degree Eigenvector Betweenness Ii (γ = 0.4) Ii (γ = 1.5)

1 0.71 0.47 0.63 1.00 1.00

2 & 3 0.29 0.14 0.06 0.14 1.00

4 & 5 0.29 0.12 0.02 0.14 1.00

6 & 7 0.43 0.36 0.25 1.00 1.00

8 1.00 1.00 1.00 0.00 1.00

9 to 12 0.57 0.77 0 0.00 0.00

Players’ centrality/influence indices expressed in proportion to the highest centrality/influence among nodes.

decision boils down to choosing G so as to maximise the ex ante probability that any player

i ∈ N cooperates given G. This problem is symmetric for all i ∈ N , and we thus restrict

attention to regular networks.18 Formally, the designer’s problem is to choose G (N) so as to:

max
∑
i∈N

Ep,θ̃
(
x∗i

(
θ̃, γ, G (N)

))
(10)

where x∗i (·) is i’s action at the unique ME x∗ for the chosen network G (N), given γ and θ,

and expectations are taken over type profiles θ̃. Lastly, define a clique of degree k as a set of

k + 1 players all connected to one another. An isolated clique is a clique of players who have

no links to players outside the clique. We define a network of cliques of degree k as a network

comprising only isolated cliques of degree k.

18For simplicity, we assume that the designer’s decision yields no remainder.
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Theorem 2 Suppose that Assumption 1 holds and that players’ types are i.i.d., with p ≡
Pr (θi = θM) ∈ (0, 1) for all i ∈ N . For any γ > 0 and generic p, there exists a unique integer

k∗ (p) ∈ {k, . . . , n − 1} such that the network of cliques of degree k∗ (p) maximises ex ante

total contributions, where k is the smallest integer such that ψ (k, 0) ≥ γ.

Theorem 2 underscores two crucial elements of the designer’s decision. First, any player

must be minimally connected: this stems from the fact that any player with fewer than k

connections to other players is sure to free-ride. Hence, the designer can always do better ex

ante by raising all players’ degree to at least k.

Second, the network that maximises ex ante total contributions is always the network

of cliques of degree k∗ (p), with k∗ (p) ∈ {k, . . . , n − 1}. The reason is that the network of

cliques of degree k∗ (p) is the regular network that both maximises the chances of clustering

of reciprocators (enabling them to contribute at equilibrium) while minimising materialists’

expected influence. The intuition underlying the proof is as follows: in a clique of degree

k, the probability that any reciprocator i cooperates depends solely on the probability that

enough other players in the clique (i.e. in i’s k connections) are also reciprocators. In any

other regular network, that probability must be adjusted for (and hence reduced by) the

probability that those k players are also connected to enough cooperating players, since players’

neighbourhoods do not necessarily coincide (unlike in the clique). The probability that any

player i cooperates in this case is thus always lower than in the clique of degree k as free-riding

can easily spread, while its effect is contained in the clique.

We next ask how the size of the cliques in the the unique optimal network of cliques of

degree k∗ (p) changes with p. To fix ideas, note that the designer faces a tradeoff when choosing

k∗. On the one hand, an increasing k∗ entails the benefit of increasing the maximal number

of materialists allowed in a clique for cooperation not to break down. On the other hand, an

increasing k∗ also comes with the cost attached with increasing the number of “draws” and,

thus, expected number of materialists in the clique.

Proposition 4 Suppose that Assumption 1 holds and that players’ types are i.i.d., with p ≡
Pr (θi = θM) ∈ (0, 1) for all i ∈ N . For any γ > 0 and p, the size of the cliques in the unique

optimal network of cliques of degree k∗ (p) weakly decreases with p.

Proposition 4 presents a subtle an important result. Indeed, observe that increasing p

yields two opposing effects on k∗ (p). First, a higher p raises the expected incidence of mate-

rialists. This effect pushes k∗ (p) down, as the designer wants to reduce the expected number
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Figure 5: Network Design

of materialists in any reciprocator’s neighbourhood. However, a higher p also reduces the

expected incidence of reciprocators. This pushes k∗ (p) up, as the designer wants to increase

the expected number of reciprocators in any reciprocator’s neighbourhood. The former effect,

it turns out, always dominate the former. To provide intuition, observe that when p is low,

materialists are unlikely and their effect can probably be more than offset by the presence of

reciprocators. Hence, the optimal cliques are large. Conversely, when p is high, the designer

knows that a large clique will probably result in a “spoiled barrel” phenomenon due to a

large number of materialists. In such case, the designer prefers smaller cliques: while each of

those cliques is likely to be “spoiled”, there is a chance that some will not, resulting in higher

cooperation (on average) than in any other network.

We proceed with an example to illustrate our results. Suppose that a designer needs to

choose G (N) for N = 12, and let us fix γ = 1.1. Theorem 2 tells us that the designer’s

candidate options are given by the networks A, B, C and D on Figure 5. Suppose that

reciprocators’ social payoffs are given by:

Ψ (·|θC) = xi (1.25ci − di) (11)

It can first be shown that B always dominates A. The reason is that the designer knows that

cooperation in any clique in A breaks down at equilibrium with any materialist, while any

clique in B admits (at most) one materialist. The tradeoff between increased number of draws

and increased allowed number of materialists is thus trivial: with probability p, the additional

player is a materialist, and the likelihood of cooperation in the clique of size 4 is the same as
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in the clique of size 3. With probability 1 − p, the additional player is a reciprocator, and

the likelihood of cooperation in the clique of size 4 is then strictly higher than in the clique

of size 3. Hence, the designer can always raise his expected payoffs by increasing the cliques’

size from 3 to 4. Whether the designer prefers B, C or D however depends on p, and it can

be easily computed that the designer prefers B for any p ∈ [0.5, 1] and D for any p ∈ [0, 0.5].

5 Discussion: Social influence at the workplace

In this section, we discuss our results in the context of an important application: work morale

and peer influence at the workplace. We show that our model brings novel insights to many

questions related to co-workers’ interactions and their impact for team performance. In par-

ticular, how do co-workers influence each other with respect to productive effort within firms?

When can a “bad apple” spoil team spirit and productivity in a team? How can one best

structure a team to best promote desirable behaviour and prevent contagion of shirking?

We map a typical workplace situation onto our model as follows. Nodes are co-workers.

In a firm, any given worker is likely to interact only with a subset of all other workers:

links represent work relationships. Each worker decides whether to exert effort (x = 1) or

not (x = 0). We suppose that the manager cannot observe employees’ effort directly, while

workers do observe the effort of the co-workers they are linked to. Lastly, we assume that

exerting effort creates material positive externalities on all other workers: for example, efforts

increase the team or firm’s profits or likelihood of success, from which all workers benefit.

5.1 Reciprocity, work morale and networks

Evidence unarguably demonstrates the existence of reciprocal preferences at the workplace.

Productive or cooperative workers increase their co-workers’ motivation to work hard (or make

them feel guilty when they do not exert effort), while shirkers create a feeling of inequity:

. . . [in the presence of a] withholder of effort, teammates are unlikely to be mo-

tivated to contribute to the collective pool of ideas. . . perception of inequity will

arise when group members compare their own contributions to those of a with-
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holder of effort in their team, and will result in a desire to restore equity by

reducing contributions. (Felps et al., 2006: 191-203)

Our first main finding, Theorem 1, yields a key insight with respect to reciprocity and effort

at the workplace: to exert effort, a worker must be connected enough, and in high enough

proportion, to co-workers who themselves exert effort. This prediction finds strong support in

the empirical literature. Jordan et al. (2013), in an experiment of PGG on networks, find that

the probability that a subject switches to cooperation in a given period depends positively

on the number and the proportion of her neighbours who cooperated in the previous period.

Hesselius et al. (2009) exploit a large natural random experiment and report clear evidence

that workers display a “reciprocal type of preferences and/or display fairness concerns” (p.

585). They show that “observing a sudden increased absence level” in a worker’s network of

co-workers “may induce resentment and lead to ill feelings towards the shirking co-workers”

(Hesselius et al., 2009: 585-91), which in turn further fosters shirking. Ichino and Maggi

(2000) argue that an agent’s shirking level increases with the shirking level of her co-workers’

in her network. In contrast, when a worker “is surrounded by a group that works very hard,

shirking may induce... a sharper feeling of guilt” (Ichino and Maggi, 2000: 1066). Bandiera

et al. (2010) and Mas and Moretti (2009), similarly, find that more (less) productive workers

increase (decrease) the productivity of their peers in their network.19

5.2 “Bad apples” and workers’ influence

Our framework brings novel insights to the study of the influence of workers, especially “bad

apples”, on their peers. Our analysis, summarised in Proposition 2 and Corollary 1, offers

the following prediction: a player will be influential if she is connected to players who are

sufficiently interconnected, but not too much. This criterion is likely to be satisfied in small,

dense and interdependent teams, where all workers are connected to one another, but not

to enough workers elsewhere to be insusceptible to a single bad apple. This prediction finds

support in the empirical literature: “[a bad apple’s] destructive behaviour [is] particularly

impactful in small groups... in interdependent teams where people depend on each other, [...]

19Theorem 1 yields another insight: due to network effects, a worker’s effort decision may depend on the
impact of distant workers in the network. Experimental evidence strongly supports a contagion effect for both
free-riding (Gracia-Lazaro et al., 2012; Suri and Watts, 2011; and Grujic et al., 2010) and cooperation (Rand
et al., 2014; Jordan et al., 2013).
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intense psychological reactions [to bad apples] are more likely to spillover” (Felps et al., 2006:

180-190). Our analsysis also suggests that workers with low degree (and therefore low r∗j ) will

be particularly susceptible to bad apples. Felps et al. (2006) and Brass et al. (1998) review

evidence supporting this result. They propose that a worker’s susceptibility to a bad apple

depends on the ratio of contacts said worker has with the bad apple compared to those she

has with other co-workers.20

Lastly, evidence suggests that workers often take action to reduce a bad apple’s “degree”

or influence on their group. A typical response to shirkers is rejection, aiming at “reducing

social interaction. . . [or to] restructure work to decrease task interdependence” with those who

withhold effort (Felps et al., 2006:186; see also Lepine et al., 1997). Likewise, “companies fire

shirkers... to re-establish the work morale of the rest. . . [M]otivated workers may prefer that

bad apples are fired because they do not like being suckered by their colleagues and because

it re-establishes beliefs about others’ team-spirit.” (Gächter, 2006: 22; see also Bewley, 1999).

This is in line with our analysis.

5.3 Optimal team design

Our model provides several novel insights with respect to optimal team design, summarised in

Theorem 2 and Prosposition 4. A first result is that teams with a certain level of interdepen-

dence (i.e. minimal degree) are always preferable to isolated workers. The available empirical

evidence is compelling: Falk and Ichino (2006) find clear evidence that on average, workers

are less productive when isolated than when in teams. They explain that “people working in

groups feel some pressure to keep up with the efforts of those around them, and/or the most

productive workers pressure others into working harder” (Falk and Ichino, 2006: 40), which

is consistent with our result (see also Mas and Moretti, 2009).

Second, our analysis suggests that when “bad apples” are numerous, interdependence (i.e.

density) in a large network of workers comes with high risk of contamination. Experiments

of PGGs on complete networks (e.g. Fehr and Gächter, 2002, 2000a) demonstrate that when

the proportion of “unconditional free-riders” (i.e. bad apples) in the population is significant,

20This prediction it is supported in other contexts, e.g. crime and teenage delinquency. For example, Rees
and Pogarsky (2011) find that teenagers, when faced with bad behaviour by their best friends, are less likely
to behave badly themselves the greater the number of other social contacts they have (see also Akers and
Jensen, 2006). This is consistent with our analysis.
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the global contribution level of the population is driven to zero due to the negative influence

free-riders exert on reciprocators. In contrast, Rand et al. (2014) show that cooperation can

be maintained in sparser networks. They explain that “when interactions are structured, such

that people only interact with their network neighbours rather than the whole population, the

emergence of clustering is facilitated” (Rand et al., 2014: 17093). In other words, reducing

the interdependence of workers imposes a limit on how influential a bad apple can be in a

team or network. This can result in greater cooperation, as our results show.21

Conversely, our analysis predicts that when the risk of bad apples is low, limited inter-

dependence (e.g. in small isolated cliques) might make workers unnecessarily susceptible to

potential bad apples. For example, in a small clique, a single bad apple may be sufficient

to drive cooperation to zero, as discussed above. In contrast, experimental evidence suggests

that groups consisting only of conditional cooperators are characterised by high and sustained

cooperation (Gunnthorsdottir et al., 2007; Gächter and Thöni, 2005). Grouping workers in

large interdependent units is thus optimal when shirkers are uncommon.

6 Conclusion

In this paper we undertook the first study of reciprocity in social networks. In our model, a

group of connected agents play a one-shot PGG on a network: each agent can either contribute

to a public good or free-ride. Some agents (materialists) care solely about material payoffs

and always free-ride, while others (reciprocators) have social payoffs. A reciprocator’s social

payoffs capture the extent to which she is influenced by the behaviour of players locally: her

social payoffs to contribution increase with the number of her neighbours who contribute,

while they decrease with the number of her neighbours who free-ride. These social payoffs

capture individuals’ reciprocal preferences.

We characterised the (unique) maximal Nash equilibrium (ME) of this game for any fixed

network, assuming only weak conditions on reciprocators’ utility functions that capture the

defining features of reciprocity. At the ME, a novel measure of network structure, the q-

21Note that our result on small isolated cliques when p is high relates strongly to the optimal architecture
of terrorist or revolutionary organisations, i.e. in isolated “cells”. Cells’ main advantage is the robustness to
outside threats (e.g. police) they bring to the whole network, as detection does not spread to other cells (see
Baccara and Bar-Isaac, 2008). The tradeoff we have is similar, but we highlight the role of internal threats:
when some members shirk, they can entail the breakdown of the whole organisation.
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linked set, fully determines the set of players who contribute. One result that stems from the

concept of the q-linked set is that adding a link to a network can increase or decrease the

level of contribution; the intuition being that influence runs both ways across a link between

a reciprocator and a materialist. We gave a novel characterisation of a player’s influence on

others, and showed that while the set of players whom i influences must be interconnected to

some extent, it must not be too interconnected, or its members could “immunise” one another

from i. We then studied the decision of a manager who designs the network to maximise

expected contributions under an uncertain type profile. We showed that the ex ante optimal

network is formed by isolated cliques of degree k∗, with k∗ decreasing with the probability of

any player being a materialist. Lastly, we discussed our results in the context of one important

application: work morale and peer influence at the workplace. The results on network design

in particular yield testable predictions that accord well with the available evidence.
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A Proofs

Proof of Theorem 1

Existence . The proof for existence is standard: note that xi = 0 for all i ∈ N is always
an equilibrium. Note also that from equation ??), for any Qγ, the (finite) strategy profile
containing xi = 1 and xj = 0 is always an equilibrium, for all i ∈ Sγ and j /∈ Sγ.
Uniqueness. The uniqueness of the ME can be proved by contradiction, as follows. Suppose
there exist two distinct ME, x and x′ with x 6= x′. Since both x and x′ are ME, there must
exist at least one i and one j such that xi < x′i and xj > x′j. Let us now construct an
equilibrium x̂, whereby x̂i = max{xi, x′i, x∗i } for all i, where x∗i is i’s best-response to x̂−i,
and with x∗i ≥ max {xi, x′i}. To see why x̂ is an equilibrium, note first that since neighbours’
actions are weak local complements, and as i ’s neighbours play 1 in x̂ if they play it either
in x or in x′ , then i ’s best response must be to play 1 if it is her action either in x or in x′.
Second, if i plays 0 in both those profiles, then we simply have that x̂i = x∗i ∈ {0, 1}. Thus x̂
is an equilibrium. Clearly, x̂i ≥ xi, with the inequality strict for at least one j. The same is
true for x′i, contradicting the claim that x and x′ are both ME. That the result holds for any
parameter values is straightforward given the definition of γ and Sγ. >

Characterization. It remains to prove that x∗, whereby x∗i = 1 iff i ∈ Qγ, is the ME.
We proceed by contradiction. Suppose that there is another equilibrium x

′
that has a higher

contribution level than x∗. Denote by Q′ ⊇ Qγ the set of players who contribute in x′. Then,
there must exist at least one j /∈ Qγ and j ∈ Q′ with x′j = 1 and x∗j = 0. The following claim
follows.

Claim 1 There must exist one player k ∈ Q′, with x∗k = 1, with

∆
(
xj∈Nk(G)

)
= −γ + ψ

(
xj∈Nk(G)

)
< 0 (12)

Proof : Suppose not. Then, this entails that for all i ∈ Q′:

ψ (µi (x
′) |ki) > γ (13)

But by definition of Qγ, expression (13) entails that i ∈ Q′ ⇒ i ∈ Qγ . But this contradicts
the hypothesis that j /∈ Qγ and j ∈ Q′. >

Note finally that Claim 1 entails that x′ is not an equilibrium: indeed player k can strictly
increase her payoffs by switching to x = 0. This completes the proof. �

Proof of Proposition 1

We first show that the contribution level at the ME decreases in γ. Note that in any G and
for any θ, an increase in γ always (weakly) reduces | Qγ (G) |. We know from Theorem 1 that
a decrease in | Qγ (G) | directly translates into a decrease in the contribution level.
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Second, Proposition 1.1 stems from the observation that while adding a link between two
player in Qγ (G) leaves Qγ (G) unchanged, removing a link between two such players weakly
reduces Qγ (G), and thus total contributions. 1.2 follows from the opposite logic: adding a
link between two players outside Qγ (G) weakly expands Qγ (G), and so does the deletion
of a link (e.g. between a reciprocator and a materialist). In both cases, total contributions
thus weakly increase. Lastly, the example provided with Figure 3 in the main text proves
Proposition 1.3. This completes the proof. �

Proof of Proposition 2

Consider first the minimal number of j’s neighbours changing their action necessary for j to
changer her action following i’s change of type, when θi = θR initially:22

r∗j (θ, γ,G) := min
r∈N+

{
r : Ψ

(
x∗j , (c

∗
j − r, ), (d∗j + r)

)
≤ γ

}
(14)

We first show that if r∗j > 0 and j is connected to at least r∗j i-susceptible players, then j

is i-susceptible.23 Suppose a contrario that is not i-susceptible. Since j is not i-susceptible,

this means that x∗j = x′j = 1 by definition, where x∗j (x′j) is j’s action before (after) i’s type

change.

Denote by rj the number of i-susceptible players j is connected to, with rj ≥ r∗j by hypothesis.
Since x∗j = xj = 1, then for j’s action to be optimal we require

rj < min
r∈N+

{
r : Ψ

(
x∗j , (c

∗
j − r, ), (d∗j + r)

)
≤ γ

}
(15)

But it then follows that rj < r∗j (θ, γ,G) , which contradicts the hypothesis that rj ≥ r∗j . >

Second, we show that if j is i-susceptible, then j is connected to at least r∗j i-susceptible
players. Suppose a contrario that j is i-susceptible but is connected to rj < r∗j i-susceptible
players. Since j is i-susceptible, then by definition x∗j = 1 6= x′j = 0, where x∗j (x′j) is j’s action
before (after) i’s type change.

Since x∗j = 1 6= x′j = 0, then it follows that rj ≥ r∗j (θ, γ,G), which contradicts the hypothesis
that rj < r∗j . >
These two statements together complete the proof to Proposition 2. �

22In the other case, that θi = θM initially, susceptible players will be those that switch from x∗j = 0 to
x′j = 1. In this other case, there is simply a sign change in the definition of r∗j ∈ r∗, which is now given

by r∗j (θ, γ,G) := minr∈N+

{
r : Ψ

(
x∗j , (c

∗
j + r, ), (d∗j − r)

)
≥ γ

}
. The proof for this case is analogous and thus

omitted.
23Note that if r∗j = 0, then j is already free-riding, and thus can never be influenced by i’s change of type

and is thus “insusceptible”.
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Proof of Proposition 3

We begin with Proposition 3.1. Again we assume that θi = θR initially; the opposite case
is analogous, and the proof is thus omitted. Recall first that if j ∈ S i (G), then x∗i = 1,
and thus j ∈ Qγ. Then, observe that adding a link between a player j and a player k, with
j, k ∈ S i (G), increases r∗j and r∗k, which weakly reduces i’s and k’s susceptibility to i. Hence
S i (G+ jk) ⊆ Si(G). Second, consider removing a link between a player j and a player k,
with j, k ∈ S i (G). Either (i) j, k ∈ S i (G− jk), or (ii) j /∈ S i (G− jk) or k /∈ S i (G− jk),
but not both, or (iii) j, k /∈ S i (G− jk). In case (i), clearly S i (G− jk) = S i (G); we will show
that in cases (ii) and (iii), S i (G− jk) ⊂ Si(G).

In case (ii), first, suppose without loss of generality that j /∈ S i (G− jk). In this case, either
(ii.a) j contributes before and after i’s switch in network G − ij, or (ii.b) j free-rides before
and after i’s switch in network G− ij (which happens if j /∈ Qγ (G− jk)). In case (ii.a), every
other player has less incentive to switch action following i’s switch than in network G, and so
S i (G− jk) ⊂ Si(G). In case (ii.b), after i’s switch in either network, j and k free-ride, and
so there is the same ME after i’s switch in both G and G− jk, and thus S i (G− jk) ⊂ Si(G).
Second, in case (iii), if j and k play the same action as each other, then the reasoning for case
(ii) directly applies. It remains to consider what happens if one player (say j) contributes
before and after i’s switch in network G− ij while the other (say k) free-rides before and after
i’s switch. First, note that from Proposition 1, Qγ (G− jk) ⊂ Qγ (G). Second, note that
every player ` ∈ Qγ (G− jk) has weakly less incentive to free-ride after i’s switch than they
did in network G (since j now contributes after i’s switch). Hence S i (G− jk) ⊂ Si(G).This
completes the proof to Proposition 3.1.

Proposition 3.2 follows from the following observation: if the ME does not change following
the addition or deletion of a link between two players j, k /∈ S i (G), than it follows that r∗j
is left unchanged for all j ∈ S i (G), and the number of links to i-susceptible players for any
j ∈ S i (G) does not change either. Hence, i’s influence cannot decrease. However, the deletion
of a link between two contributing reciprocators j and k outside S i (G) strictly decreases r∗j
and r∗k, which can make either or both i-susceptible, which increases i’s influence. Second, the
addition of a link between a contributing reciprocator j and a materialist k, for example, also
strictly decreases r∗j , which can make j i-susceptible. Hence, the addition or the deletion of a
link between two players j, k /∈ S i (G) either increases S i (G) or leaves it unchanged when the
ME does not change. The example in the main text shows that if the ME changes, however,
than S i (G) may incrase or decrease. This completes the proof to Proposition 3.2.

Finally, we prove Proposition 3.3 by construction with the following example. Consider the
graph on Figure 6, and suppose that preferences are given by (5) with α = 1 and β = 1.5, and
assume γ = 0.4. Figure 6 shows that adding a link between a player j ∈ S i (G) and a player
k /∈ S i (G) can either increase (left network) or decrease (right network) S i (G), and thus i’s
influence. �
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Figure 6: Influence and adding links

Left : effect of adding link between players 4 and 9. Right : effect of adding link between players 6 and 9.

Proof of Theorem 2.

We first show that for any network G (N), there exists a network comprising solely isolated
cliques of degree k, denoted by Ck (N), that yields at least as great an expected contribution
level.24 Fix γ and let i be a player with maximum expected contribution level in G (N), i.e.

i ∈ argmax
j∈N

{
Eθ̃
(
xj

(
θ̃, γ, G (N)

))}
.

From Theorem 1 we know that two necessary conditions for i to contribute are that θi = θR
and that at least c (γ, ki) of her neighbours are reciprocators, where c (γ, ki) is given by (6).
This condition is however not sufficient, as for i to contribute it is also necessary (but not
sufficient) that at least c (γ, ki) of her neighbours who are reciprocators also have c (γ, kj)
reciprocators in their own neighbourhood, and so on. Hence the following inequality:

Eθ̃
(
x∗i

(
θ̃, γ, G (N)

)
|θi = θR

)
= Pr (i ∈ Qγ (G) |θi = θR)

≤ Pr (| {j ∈ Ni (G) : θj = θR} |≥ c (γ, ki)) (16)

Consider next the network of isolated cliques of degree ki, Cki (N). Then, it follows from
Theorem 1 that necessary and sufficient conditions for i to contribute are that θi = θR and
that at least c (γ, ki) of her neighbours are reciprocators. The reason is that if θi = θR and
that at least c (γ, ki) of i’s neighbours are contributors, then these conditions also hold for her
neighbours who are reciprocators (since i is in a clique). Hence the following equality:

24For conciseness we neglect issues associated with remainder nodes when forming cliques for the proof.
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Eθ̃
(
x∗i

(
θ̃, γ,Cki (N)

)
|θi = θR

)
= Pr

(
i ∈ Qγ

(
Cki (N)

)
|θi = θR

)
= Pr (| {j ∈ Ni (G) : θj = θR} |≥ c (γ, ki)) (17)

Using (16) and (17), we obtain:

Eθ̃
(
x∗i

(
θ̃, γ, G (N)

)
|θi = θR

)
≤ Eθ̃

(
x∗i

(
θ̃, γ,Cki (N)

)
|θi = θR

)
(18)

Which completes the proof that a network of isolated cliques of degree k∗ is always optimal.�

We next show that k∗ ∈ {k, k+1, . . . n−1}. Recall that by definition k is the minimum degree
for which there exists a regular network that supports a non-zero expected contribution level
(i.e. in some ex-post ME, at least one player contributes). Hence k∗ ≥ k, as required. �

Proof of Proposition 4

To prove Proposition 4, we first compare the expected contribution of any player in two cliques
of different sizes. We show that given social payoffs ψi(.) that satisfy Assumption 1.4, either
one clique is better than the other for any probability p that a player is a materialist, or there
exists a unique p∗ ∈ (0, 1) such that for all p < p∗, the larger clique is better than the smaller
clique, and vice-versa for p > p∗. We then show that this entails that for any p, the optimal
network of cliques is generically unique, and when p increases, the size of the cliques in said
optimal network must (weakly) decrease.

We start with some notation. As above, denote by Eθ̃
(
xi

(
θ̃, γ,Ck (N)

))
the expected con-

tribution level per player within an isolated clique of degree k for a given γ, with:

Eθ̃
(
x∗i

(
θ̃, γ,Ck (N)

))
= (1− p)Pr

(
|
{
j ∈ Ni

(
Ck (N)

)
θj = θR

}
|≥ c (γ, k)

)
(19)

where c (γ, k) is the minimum number of reciprocating neighbours for any reciprocator in the
clique of degree k to cooperate.

Consider next two cliques of degrees kA and kB, respectively, with kB > kA. For the remainder
of the proof it will be convenient to use the shorthand c(γ, kA) ≡ cA and c(γ, kB) ≡ cB.
Assumption 1.4 implies that cB ≥ cA. If cA = cB, then the larger clique clearly has higher
expected contributions than the smaller one. Another implication of Assumption 1.4 is that
kB−cB ≥ kA−cA. If equality holds, i.e. kB−cB = kA−cA, then the larger clique can tolerate
no more materialists than the smaller one consistent with its players cooperating. As such
the smaller clique trivially dominates the larger one for any p. It thus remains to consider the
case that cA > cB and kB − cB > kA − cA.
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Let Yk be the number of reciprocators from k draws, so that Yk,1−p ∼ Bin(k; 1−p). Let Fk,1−p
denote the cumulative distribution of Yk,1−p, so that

Eθ̃
(
x∗i

(
θ̃, γ,Ck (N)

))
= (1− p) (1− Fk−1,1−p(c(γ, k)− 1)) (20)

For convenience we write the cumulative distribution Fk−1,1−p(c(γ, k)− 1) in terms of a beta
function, as follows:

Fk−1,1−p(c(γ, k)− 1) = (k − c(γ, k))

(
k − 1

c(γ, k)− 1

) p̂

u=0

uk−c(γ,k)−1(1− u)c(γ,k)−1du (21)

Next, consider the following ratio:

R (p) ≡ FkB−1,1−p(cB − 1)

FkA−1,1−p(cA − 1)
= C

IB(p)

IA(p)
(22)

where C is a constant with:

C ≡
(kB − c(γ, kB))

(
kB − 1

c(γ, kB)− 1

)
(kA − c(γ, kA))

(
kA − 1

c(γ, kA)− 1

) > 1 (23)

and:

IB(p) =

p̂

u=0

ukB−cB−1(1− u)cB−1du (24)

and IA(p) defined analogously. Note that this ratio can be used to determine which of the

cliques A and B yields a higher ex-ante contribution level per player. In particular, when
R (p) < 1, the (larger) clique of degree kB yields higher ex-ante contribution level per player
than the (smaller) clique of degree kA; the converse holds true for any R (p) > 1.

Lemma 1 For any two cliques of degree kA and kB, with kB > kA and kB − cB > kA − cA,
there exists a unique p∗ ∈ (0, 1) such that for R (p) given by (22), R (p∗) = 1, with R (p∗) < 1
for all p < p∗ and R (p∗) > 1 for all p > p∗.

Proof. The proof has the following structure. We establish three properties of R (p):

1. R(p)→ 0 as p→ 0;

2. R(1) = 1;

3. R(p) is strictly increasing up to some unique p̂ ∈ (0, 1) and is thereafter strictly decreas-
ing.
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Note that Properties 2 and 3 together imply that R (p) increases up to a point p̂, where it
attains its unique maximum R (p̂) > 1 , and further that R (p) > 1 for all p ∈ [p′, 1). Property
1 then implies the lemma straightforwardly through a fixed-point argument.

We first prove the first property. Clearly, as p → 0, IB (p) → 0 and IA (p) → 0. Also, by
definition we know that both IB (p) and IA (p) are continuous and strictly increasing on the
domain (0, 1]. By the fundamental theorem of calculus, we have that

∂ [IA(p)]

∂p
= pkA−cA−1(1− p)cA−1 (25)

∂ [IB(p)]

∂p
= pm1 (1− p)m2 pkA−cA−1(1− p)cA−1 (26)

where m1 and m2 are positive integers. Thus, L’Hôpital’s rule establishes the following:

lim
p→0

IB(p)

IA(p)
= lim

p→0

pm1 (1− p)m2 pkA−cA−1(1− p)cA−1

pkA−cA−1(1− p)cA−1

= lim
p→0

pm1 (1− p)m2 (27)

= 0

Which proves the first property. Property 2 is straightforwardly established by noting that
when p = 1, FkA−1,1−p(cA − 1) = 1 and FkB−1,1−p(cB − 1) = 1. Hence, when p = 1, R(p) = 1.

We now turn to Property 3. We first show that IB(p)
IA(p)

and thus R (p) are strictly increasing on

(0, p̂), for some p̂ ∈ (0, 1). Consider the following derivative:

∂

∂p

(
IB(p)

IA(p)

)
=

IB(p)

IA(p)

(
pkB−cB−1(1− p)cB−1

IB(p)
− pkA−cA−1(1− p)cA−1

IA(p)

)
(28)

which we can express as

d
dp

(
IB(p)
IA(p)

)
=

IB(p)
IA(p)

× ( (pm1 (1−p)m2 )pkA−cA−1(1−p)cA−1

ṕ

u=0

(um1 (1−u)m2 )ukA−cA−1(1−u)cA−1du
− pkA−cA−1 (1−p)cA−1

ṕ

u=0

ukA−cA−1(1−u)cA−1du
)

(29)

and so d
dp

(
IB(p)
IA(p)

)
> 0 if and only if g(p) > 0,where:
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g(p) := m (p)

p̂

u=0

ukA−cA−1(1− u)cA−1du−
p̂

u=0

m(u)ukA−cA−1(1− u)cA−1du (30)

where, in turn,
m (p) = pm1(1− p)m2 (31)

Note that the function m (p) is strictly increasing up to a maximum at p′ = m1

m1+m2
. For

p ≤ m1

m1+m2
, then, it follows that m (u) < m (p) for all u < p, which ensures that g(p) > 0.

Hence, IB(p)
IA(p)

is strictly increasing on the interval (0, p′].

Next, consider the interval (p′, 1]. On this interval we have that

dg(p)

dp
=
dm(p)

dp

p̂

u=0

ukA−cA−1(1− u)cA−1du+m (p) pkA−cA−1(1− p)cA−1

−m (p) pkA−cA−1(1− p)cA−1 (32)

=
dm(p)

dp

p̂

u=0

ukA−cA−1(1− u)cA−1du

< 0

where the inequality follows from the fact that m (p) is strictly decreasing on this inter-
val. Further, we know that g(p) < 0 for a high enough probability p, since the term
ṕ

u=0

m(u)ukA−cA−1(1 − u)cA−1du increases continuously to a positive finite number as p → 1

while the term m (p)
ṕ

u=0

ukA−cA−1(1− u)cA−1du tends to zero. Hence we know that there must

exist a unique p̂ ∈ (p′, 1) such that g(p̂) = 0. It follows that IB(p)
IA(p)

(and hence R (p)) is strictly

increasing on (0, p̂] and strictly decreasing on (p̂, 1). This completes the proof of the third
property.

It follows from the three properties above that R (p)→ 0 as p→ 0, that R (p) strictly increases
on the interval (0, p̂], reaches a maximum at p = p̂ and then is strictly decreasing on [p̂, 1),
attaining the value of unity at p = 1. It follows from a standard fixed point argument that
there must exists a unique p∗ ∈ (0, 1), such that R (p∗) = 1, R (p) > 1 for p > p∗ and R (p) < 1
for p < p∗. This completes the proof to Lemma 1. �

We have shown that for any two pair of cliques of degree kA and kB, with kB > kA, either
one clique is better than the other for any probability p that a player is a materialist, or there
exists a unique p∗ ∈ (0, 1) such that for all p < p∗, the larger clique is better than the smaller
clique, and vice-versa for p > p∗. Proposition 4 follows immediately. �
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B Extensions

B.1 Private types

In our benchmark model, we assume that players know the type profile. Here we assume that
players do not know each other’s type, and types are i.i.d. over (θM , θR) with probability
distribution (p, 1 − p). We first construct a particular BNE that can be characterised via a
set Q̂γ, which is analogous to the γ-linked set Qγ. We then show that this BNE must be the
unique maximal BNE.

In this setting, a (pure) strategy for player i, denoted yi(.), is a mapping Θi → {0, 1} from
i’s type to i’s action. Denote by Yi the set of all (four) possible such mappings. Fix a set of
players N and a network G. A strategy profile for all n players is denoted y; a type profile
is denoted θ ∈ Θ = {θM , θR}n, where we can write θ = (θi, θ−i). Denote by θj∈Ni(G) the local
type profile, ie. the type profile among player i’s neighbours. We first make the two following
definitions.

Definition 1 A Bayesian Nash Equilbrium (BNE) is a strategy profile y for all n players
such that, for every i ∈ N and every y′i ∈ Yi, Eθ−i

[π (yi,y−i|θi)] ≥ Eθ−i
[π (y′i,y−i|θi)].

Definition 2 A BNE y∗ is maximal if there does not exist another BNE y′ ∈ {0, 1}n such

that Eθ

[∑
i∈N

y∗i (θi)

]
< Eθ

[∑
i∈N

y
′
i(θi)

]
.

Now we define the expected net benefit from contributing if θi = θR as follows.

Eθ−i

[
∆i

(
yj∈Ni(G)|θi

)]
=

∑
θj∈Ni(G)∈Θj∈Ni(G)

f(θj∈Ni(G))∆i

(
yj∈Ni(G)(θj∈Ni(G))|θi

)
(33)

where f (·) is the probability distribution over local type profiles, and ∆i

(
yj∈Ni(G)|θi

)
is given

by equation (12). Finally, for any q ∈ R+, we define the Bayesian q-linked set, Q̂q, to be the
largest set of players for whom:

Eθ−i
[∆i

(
yj∈Ni(G)

∗|θi
)
] ≥ q (34)

for each player i ∈ Q̂q, where the profile y∗ is defined to be (y∗j (θM), y∗j (θR)) = (0, 1) if j ∈ Q̂γ
and (y∗j (θM), y∗j (θR)) = (0, 0) otherwise.

Theorem 3 Suppose that Assumption 1 holds and that players’ types are private and i.i.d.,
with p ≡ Pr (θi = θM) ∈ (0, 1) for all i ∈ N . For any γ ∈ R+, G and p, a maximal BNE
always exists and is unique. At the maximal BNE, a player contributes if and only if she is
in the Bayesian γ-linked set.
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Proof . Analogously to the proof of Theorem 1 The profile y∗ is clearly a BNE for any γ ∈ R.
It also follows from the proof to Theorem 1 that this maximal BNE is unique, which is implied
by the fact that Q̂γ is the unique maximal set containing only members for whom inequality
34 holds. �

Remark 3 Membership of the Bayesian γ-linked set entails that a player contributes iff she
is a reciprocator type; players not in the set always free-ride. The expected contribution level
at the maximal BNE is thus (1− p) | Q̂γ |.

The close similarity between the definition of Q̂q and that of Qq ensures that the comparative
statics result from our main model continue to hold in the case of private types. First, consider
an increase in γ. This makes membership of Q̂γ more stringent, thus reducing expected

contributions. Second, consider adding a link to a network between a player i ∈ Q̂γ and a

player j /∈ Q̂γ. We now argue that, just as in the case of public types, the effect of adding this
link can increase or decrease expected contributions (or keep it the same). If i only narrowly
meets inequality 34, while j is far from meeting it, then the result will be that i switches
to free-riding regardless of type. In this case, expected contibutions decrease. On the other
hand, if i comfortably meets inequality 34, while j just fails to meet it initially, then adding
a link increases expected contibutions. Finally, if neither player is “marginal” with respect to
inequality 34, then adding the link does not affect expected contributions.

B.2 Concave public good function

We now study the case where the public good function is concave in contributions. For a
given action profile x, player i’s payoffs are now given by:

πi (x|G) = a

(∑
i∈N

xi

)
− bxi + Ψ

(
xi,xj∈Ni(G)

)
(35)

with a (1) < b, and where a (·) satisfies the following assumption.

Assumption 2 (1) a (0) = 0; (2) for any x ∈ N+, a (x+ 1) − a (x) > 0; and (3) for any
x, y ∈ N+, if and only if y > x, then (a (y + 1)− a (y))− (a (x+ 1)− a (x)) < 0.

Theorem 4 Suppose that Assumption 1 and 2 hold. A ME always exists, but is not generically
unique.

Proof. The proof for existence provided in the Proof to Theorem 1 applies to the case of
concave public good function: it is thus omitted. As players’ contributions are now global
substitutes, multiple ME may coexist for a given network G: we prove non-uniqueness by
construction with the following example. Note that by definition of ME, all possible ME must
admit the same number of contributors.
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Figure 7: Concave public good function and multiple ME: an example

Top network: Original network. Bottom panel: the two ME with 4 contributors.

Example 2 Suppose that players’ social payoffs function is given by (5), with α = 2 and
β = 1. Suppose that b = 12.45, and that the public good function is given by:

a

(∑
i∈N

xi

)
= 12

(∑
i∈N

xi

) 4
5

(36)

Consider the network on Figure 7: it is easy to check that for these parameter values, it has
two ME, each with four contributors. �

In our benchmark model, population size (and the total number of contributors) does not
directly change players’ decision rule. This, however, does not hold in the case of concave
public good function. We provide further intuition with the following result applied to regular
networks.

Proposition 5 Suppose that players’ social payoffs function is given by (5), and that θi = θR
for all i ∈ N . Suppose that the network, denoted by Gk (N), is regular with ki = k for all
i ∈ N . Suppose that k < b

α
. Then, there exists a n∗ ≡ |N∗| such that:

∑
i∈N∗

x∗i
(
b,Gk (N∗)

)
≥
∑
i∈N ′

x∗i
(
b,Gk (N ′)

)
(37)

for all n′ ∈ N+and where x∗ is a ME.

Proof : Note that from Assumption 2.3:
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lim
y→∞

a (y + 1)− a (y) = 0 (38)

Hence, at the limit, the yth player’s net payoff from contributing over free-riding when all
other players contribute can be written as follows, using equation ??:

∆y = −b+ αky < 0 (39)

Hence, player y always free-rides whenever there are already y−1 contributors: hence, the total
number of contributors is bounded above at y − 1. Lastly, note that player y or subsequent
additional players (i.e. y + 1, y + 2...) may reduce total contributions due to the negative
influence on their neighbours. �

Proposition 5 reveals an interesting fact about population size. When players’ degree is
bounded above, then increasing the number of potential contributors may be detrimental to
performance, even in a population of conditional cooperators. The reason is that the marginal
player always has lower incentive to contribute then others. When n = n∗, then an additional
player will not only free-ride, but may also influence the player she is connected to into free-
riding. The following example illustrates this point.

Example 3 Suppose that players’ social payoffs function is given by (5), with α = 2 and
β = 1. Suppose that players interact on a lattice with ki = 2 for all i ∈ N . Suppose that
b = 6.5, and that the public good function is given by:

a

(∑
i∈N

xi

)
= 5

(∑
i∈N

xi

) 4
5

(40)

It can be shown that while all players contribute for any n ≤ 10, total contributions are driven
to 0 whenever n > 10. �

In conclusion, we note that our results on the effects of concavity on total contributions are
consistent with the experimental evidence on the topic (Isaac and Walker, 1988).

B.3 Distant influence

So far we have assumed that players could only influence, and be influenced by, their neigh-
bours. In this section, we extend our framework to allow social payoffs Ψ (·) to be affected by
the actions of all other players. While we mostly restrict attention to homogeneous players
for simplicity, all our results easily extend to cases of heterogeneity in social payoffs.

We begin with additional notation. Denote by `ij the geodesic distance between players i and
j. Further, for a given x, define player j ’s marginal social influence on i, λij (·):

λij(xj,x−(i,j)) = ψi(xj,x−(i,j))− ψi(x−(i,j)) (41)

We now replace Assumption 1 with the following assumption.

41



Assumption 3 Players’ payoffs are given by (3), where: (1) Ψ (·|θM) = 0; (2) Ψ (0, ci, di|θR) =
0; (3) Ψ (xi, 0, 0|θR) = 0; (4) λij(1,x−(i,j)) ≥ 0 and λij(0,x−(i,j)) ≤ 0 for any i, j ∈ N and
any x−(i,j) ∈ {0, 1}n−2; and (5) for any i, j, k ∈ N where `ij < `ik, and any x−i ∈ {0, 1}n−1,
λij(1,x−(i,j)) > λik(1,x−(i,k)) and λij(0,x−(i,j)) < λik(0,x−(i,k)).

We now highlight two elements of Assumption 3. First, note that Assumption 3.4 is a gener-
alisation of Assumption 1.4: any free-rider (contributor) j decreases (increases) the payoffs to
contribution, relative to the payoffs to free-riding, for any reciprocator i ∈ N \ {j}. Second,
the influence any player j exerts on any player i is constrained by distance: the more distant
j is from i, the less j influence the payoffs to i’s action. These assumptions are motivated
by the empirical literature, which establishes that while distant peers influence one’s social
payoffs, closer peers’ influence is more important (e.g. Mas and Moretti, 2009).

For concreteness, we focus on the following generalised version of Example 1.

Example 4 Player i’s social payoffs are given by:

Ψi(x) = xi
∑
j∈N

(
αxjδ

`ij−1 − (1− xj)βδ`ij−1
)

(42)

with α > 0, β > 0, and decay parameterδ ∈ [0, 1]. Example 1 obtains as a special case for
δ = 0, and the special case δ = 1 is equivalent to assuming G to be complete. �

We now examine how the result of the extended model contrasts with the results of our
benchmark model. For fix G and γ, consider a profile x. Denote by C (x) ⊆ N the set of
players who cooperate at x; likewise, D (x) ⊆ N the set of players who free-ride at x. Lastly,
given a graph G, decay parameter δ and set of players S, denote by Di (q, S|G) i’s decay
centrality in G when only players in S are considered:25

Di (q, S|G) =
∑
j∈S

δ`ij−1

Proposition 6 Assume that Assumption 3 holds. For any γ ∈ R+ and G, a ME x∗ always
exists and is unique. Further, suppose that players’ social payoffs function is given by (42):
then, x∗i = 1 if and only if

αDi (q, C (x∗) |G)− βDi (q,D (x∗) |G) ≥ γ (43)

Proof. The proof to existence and uniqueness of ME follows the proof to Theorem 1. Second,
for any action profile x, using (12) and (42), it is optimal for player i to cooperate if and only
if the following condition holds:

25See Jackson (2008) for a discussion of decay centrality.
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α
∑
j∈N

xjδ
`ij−1 − β

∑
j∈N

(1− xj) δ`ij−1 > γ (44)

Which can be rewritten as:

αDi (q, {j ∈ C (x)} |G)− βDi (q, {j ∈ D (x)} |G) > γ (45)

Finally, note that at the ME, C (x) ≡ C (x∗) and D (x) ≡ D (x∗), and so (45) can be rewritten
as:

αDi (q, C (x∗) |G)− βDi (q,D (x∗) |G) > γ

This completes the proof. �

With payoff function (42), player i’s decision to cooperate at the ME depends on her decay
centrality with respect to the set of cooperating and free-riding players. Loosely speaking,
this result tells us that any player must be close enough to enough cooperators in order to
cooperate herself. In contrast to the benchmark model, however, she needs not be linked to
them directly anymore.

Note that while this result is crisp, the complexity of the analysis of comparative statics is
heightened in this extended model. Adding a link, for example, has profound repercussions
on all players, as the geodesic distance between multiple pairs of players may change. To
appreciate this complexity, consider the graphs on Figure 8. Suppose that players’ social
payoffs function is given by (42), with α = 2, β = 1, γ = 3.3 and q = 0.25. Network A is the
initial one: at the ME, only players 2 to 6 cooperate. However, adding a link between players
2 and 5, which would have no effect in the benchmark model, brings distant cooperators closer
to players 1 and 6, which results in them cooperating in the new ME (Network B). Conversely,
suppose that player 1 is switched to a materialist type (Network C). The ME is the same in
Network C as in Network A. However, adding a link between 1 and 6, which again would
change nothing in the benchmark model, has the dominant effect of bringing free-riders closer
to players 2 and 5. At the ME, all players free-ride (Network D).

We conclude this section by briefly discussing an alternative interpretation to Assumption
3.4 and 3.5. These two assumptions can be viewed as stemming from imperfect transmission
of information through a network instead of decreasing influence with distance. Under this
interpretation, in Example 4, the probability of information about j ’s action reaching i decays
in distance.26

26Note that standard models of information transmission on networks typically take into account more
complicated network properties. For example, in the widely-used Independent Cascade Model (ICM), there is
a constant, independent probability of transmission along any given link. Models like the ICM do not generally
yield closed-formed solutions. However, the core intuition of the model would remain the same.
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Figure 8: The effect of adding a link on contributions with distant influence

Top panel: Adding a link between players 2 and 5 increases total contributions at the ME. Bottom panel: Adding a link

between players 1 and 6 drives total contributions to 0 at the ME.
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